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Learning Objective:
e Understand how integers are represented using bits.
o Understand how binary arithmetic is implemented using logic gates.

e Understand how floating-point numbers are represented and their limitations.

1.1 Integers

1.1.1 Natural Number

In digital systems, natural numbers are commonly represented in binary (base 2). Each binary digit,
or bit, represents a power of 2. The position of each bit determines its weight, starting from the rightmost

(least significant) bit. For example, the binary number 1011, is interpreted as:

I1x24+0x224+1x2'4+1x2°=840+2+1=11

To represent a natural number in binary, we repeatedly divide it by 2 and record the remainders. For

example, we can convert 11 to binary as follows:
11+2=25 remainder 1
5+ 2=2 remainder 1
2+2=1 remainder (
1+2=0 remainder 1

Now we read the remainders backwards and obtain 1011. In this way, we can convert any natural
number to binary with enough bits. Table @ shows how the first few natural numbers are represented in
binary, alongside their decimal (base-10) and hexadecimal (base-16) equivalents. Hexadecimal is often used

as a compact, human-readable representation of binary values, especially in programming and debugging.

Table 1.1: Decimal, Binary and Hexadecimal Numbers (transposed)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Decimal | 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Binary |0 01 10 11 100 101 110 111 1000 1001 1010 1011 1100 1101 1110 1111 10000

Hex 0 1 2 3 4 5 6 7 8 9 A B C D E F 10

1.1.2 Negative Integers

So far, we have focused on representing non-negative integers using binary. However, computers
should also be able to handle negative numbers. There are several candidate methods for representing

signed integers in binary:



o Sign-and-Magnitude: The most significant bit represents the sign (0 for positive, 1 for negative), and

the remaining bits represent the magnitude. For example, in 4-bit representation:
+3=0011, —-3=1011
This method is conceptually simple but results in two representations of zero (e.g., 0000 and 1000).

e One’s Complement: Negative numbers are represented by inverting all bits of the positive counter-
part.
+3=0011, -3 =1100.

It also results in two representations of zero (e.g., 0000 and 1111).

e Two’s Complement: The method is similar to one’s complement. To represent —z, after inverting
all bits of z, add 1.
+3=0011, —-3=1101

Two’ s complement is the standard representation for negative integers. It not only eliminates the
ambiguity of zero but also allows the same arithmetic circuits to handle both positive and negative values
seamlessly. In particular, subtraction can be performed using the same adder hardware as addition. For

example, the 4-bit subtraction can be achieved as

5—3=5+(—3) = 0101 + 1101 = 10010 = 2

Why can subtraction be turned into addition in two’s complement representation?

1.2 Computation

This section explains how arithmetic operations can be achieved physically on integers represented as
bits. As an example, we focus on how addition is implemented. At a high level, an adder is constructed
from logic gates that perform fundamental operations such as AND, OR, and NOT. These logic gates, in
turn, are implemented using transistors. At the most fundamental level, transistors are fabricated from
semiconductor materials, primarily silicon. This layered structure ultimately enables the remarkable speed

and compactness of modern processors.

1.2.1 Semiconductor

Pure silicon has limited electrical conductivity. To control and enhance conductivity, a process called
doping is used, where small amounts of impurity atoms are added. Silicon has four valence electrons, and

two types of doping are commonly used:

o P-type semiconductors: Atoms with three valence electrons, such as boron, are introduced, creating

“holes” that act as positive charge carriers.

e N-type semiconductors: Atoms with five valence electrons, such as phosphorus, are added, supplying

extra free electrons that serve as negative charge carriers.



By combining p-type and n-type materials, we can precisely control the flow of electric current in
devices. An essential characteristic of the interface between the p-type and n-type regions, called the p—n
junction, is that it allows current to flow easily in one direction (when the p-type side is connected to the
positive terminal and the n-type side to the negative terminal) while blocking it in the opposite direction.
This one-way conduction property is the basis for diodes and is fundamental to controlling current in

transistors and other semiconductor devices.

1.2.2 Transistors

A transistor is an electronic switch that controls the flow of current in a circuit. It can turn current
on or off, making it a fundamental building block of modern electronics. There are two common types of

transistors used in digital circuits:

e PMOS (P-type MOSFET): It conducts when the gate voltage is low. As shown in Figure , the
channel of a PMOS transistor is full of holes (positive charge carriers). Applying a low voltage to

the gate allows these holes to flow from the source to the drain, turning the transistor “on”.

o NMOS (N-type MOSFET): It conducts when the gate voltage is high. Figure m demonstrates an
example. The channel contains electrons (negative charge carriers). Applying a high voltage to the

gate attracts electrons, creating a conductive path between the source and drain.
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Figure 1.1: Demonstration of PMOS and NMOS.

1.2.3 Logical Gates

With transistors, we can build circuits that perform logical operations such as NOT, AND, OR, and XOR.
Table @ shows the truth tables for these logical operations.

A B|-AIAVB  AAB|A&¢B
0 0 1 0 0 0
0 1 1 1 0 1
1 0 0 1 0 1
1 1 0 1 1 0

Table 1.2: Truth table for NOT (-), OR (V), AND (A), and XOR (&) gates.

Figure @ shows three logic gates implemented with NMOS transistors. V¢ represents the supply
voltage (the positive power rail) of the circuit, while ground is treated as 0 V. These circuits realize the

corresponding truth table for each logic gate.
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Figure 1.2: Logical gates composed with NMOS.

e NOT gate: In Figure , A is the input and Not A is the output. When no voltage is applied to
A (low level), the NMOS transistor is off and Not A is pulled up to Ve through the load, so the
output is high. When a voltage is applied to A (high level), the NMOS turns on and connects Not A
to ground, pulling the output low.

e AND gate: Figure demonstrates an AND gate for the inputs A and B. It has two NMOS transistors
in series and an output transistor, with the load connected to Voc. When either A or B is low, at
least one of the series NMOS transistors is off, so no path to ground exists. The output transistor
conducts, pulling the output low. Only when both A and B are high do the series NMOS transistors
conduct, turning the output transistor off and pulling the output high.

e OR gate: The OR gate in Figure is built using two NMOS transistors in parallel for the inputs A
and B, and an output transistor, with the load connected to Voo. When both A and B are low, the
output transistor conducts, pulling the output low. When either A or B is high, the corresponding

NMOS transistor turns on, turning the output transistor off. The load then pulls the output high.

1.2.4 Arithmetic Logic Unit

ALUs are composed of logical gates. This section employs adder as an example for demonstration.
Figure shows a 1-bit half adder which is a simple digital circuit that adds two single-bit binary
numbers, A and B. It produces two outputs: Sum, which is A XOR B, and Carry, which is A AND B. The
half adder’ s truth table (Table @) shows that when both inputs are 0, both outputs are 0; when exactly
one input is 1, the Sum is 1 and Carry is 0; and when both inputs are 1, the Sum is 0 and Carry is 1.
Since the half adder does not have a carry-in input, it can only be used for the least significant bit in

multi-bit binary addition.
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Figure 1.3: Composing adder with logical gates.

A B | Sum (A ¢ B) | Carry (A - B)
0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1

Table 1.3: Truth table for 1-bit half adder.

A B Cin | Sum (A ¢ B & Cin) | Cout
0 0 0 0 0
0 O 1 1 0
0 1 0 1 0
0 1 1 0 1
1 0 0 1 0
1 0 1 0 1
1 1 0 0 1
1 1 1 1 1

Table 1.4: Truth table for 1-bit full adder.

Figure presents a 1-bit full adder, which extends the half adder by including a carry-in from
the previous stage. It has three inputs (A, B, and Cin) and two outputs (Sum and Cout). The Sum is
computed as A XOR B XOR Cin, and Cout is (A AND B) OR ((A XOR B) AND Cin). Table @ shows the
corresponding truth table. The full adder can handle both the addition of two bits and any carry from



the previous stage, making it suitable for constructing multi-bit adders by chaining multiple full adders
together. Figure demonstrates a simple adder for 4-bit integers.

1.3 Floating-point Numbers

In many applications, especially those involving measurements, finance, or scientific computation, we
need to represent numbers with fractional parts (e.g., 3.14, 0.5). These numbers are real numbers, and
decimal notation is one way of writing them. In computer systems, there are two primary methods for
representing such numbers in binary: fized-point and floating-point.

Fized-Point Representation: This method allocates a fixed number of bits for the integer part and
the fractional part. For example, in an 8-bit fixed-point format with 4 bits for the integer part and 4 bits

for the fraction:

1 1
0010.11004 = 2 + 3 + 1= 2.75

The main limitation of fixed-point representation is that the position of the binary point is fixed. As a
result, we must decide in advance how many bits to allocate to the integer and fractional parts. Allocating
more bits to the integer part increases the range of representable values but reduces fractional precision,
while allocating more bits to the fraction improves precision but reduces the range. This trade-off becomes
problematic when a program needs to represent numbers with very different magnitudes, such as 0.000001
and 1,000,000.

Floating-Point Representation: The key idea of floating-point representation is to allow the position
of the binary point to vary. Instead of fixing the binary point at a particular position, we represent a
number using a significand and an exponent, following the same basic idea as scientific notation. For

example,

625 = 6.25 x 102,

where 6.25 is the significand and 2 is the exponent. The exponent determines the position of the
decimal point, while the significand determines the significant digits of the number.

The same idea can be applied in binary. For example,

110.01, = 1.1001, x 22

Here, 1.1001, is the significand, while 2 is the exponent. In other words, the exponent effectively
determines where the binary point is placed. By allowing the exponent to vary, floating-point representa-
tion can use the same number of bits to represent numbers with very different magnitudes. This provides
a much larger range than fixed-point representation, while the number of fraction bits determines the
available precision.

In computer systems, floating-point numbers generally follow the IEEE 754 standard. A normalized,

finite, nonzero floating-point number can be represented as

value = (—1)%* x 1.m x 2¢,

where s is the sign bit, m is the fraction part of the significand, and e is the exponent. Thus, floating-

point representation essentially uses three components: sign determines whether the number is positive



or negative, fraction determines its significant digits, and exponent determines the position of the binary
point.

The IEEE 754 standard defines several floating-point formats. Two commonly used formats are:

o Single precision (32-bit): 1 bit for sign, 8 bits for exponent, and 23 bits for the fraction.

o Double precision (64-bit): 1 bit for sign, 11 bits for exponent, and 52 bits for the fraction.

Next, we demonstrate how to convert a decimal number into IEEE 754 single-precision format. We
use the number 6.25 as an example. The first step is to convert the decimal number to binary. We

represent the integer part 6 with 110, and the fractional part 0.25 with 0.01, because

0.25 =272,

Therefore,

6.25 = 110.01,.

The next step is to normalize the binary number by shifting the binary point so that there is exactly

one non-zero digit to the left of the point:

110.015 = 1.1001, x 22.

Now we can determine the three fields of the IEEE 754 representation. The sign bit is 0 because the

number is positive. The exponent is stored using a bias of 127, so the stored exponent is

2+ 127 =129 = 100000015.

The fraction field is obtained by dropping the implicit leading 1 from 1.10015 and filling the remaining

bits with zeros:

1001 00000000000000000000.

Therefore, the final IEEE 754 single-precision representation of 6.25 is

0 10000001 10010000000000000000000.

We can verify the value as follows:

(—1)% x 1.m x 2¢ = (—1)° x 1.1001, x 2297127 = 6.25.

However, floating-point representation has an important limitation. The number of fraction bits is
finite, so not every real number can be represented exactly. In particular, some decimal numbers that

appear simple in decimal notation have infinitely repeating representations in binary. For example,

0.1y = 0.0001100110011 .. ..

Because only a finite number of bits are available, such values must be rounded when stored. This
introduces small rounding errors into floating-point computations, and these errors can accumulate in
numerical calculations. Understanding both the design of floating-point representation and its limitations

is therefore essential when working with real numbers in software and hardware.



1.4 More

Not only numbers, all information is represented as bits in computer systems. For example, the
character “A” corresponds to the pattern 01000001 in the ASCII code, and entire documents are just long
sequences of such patterns. Images and videos are also stored as bits: each pixel’ s color and brightness
are described numerically, and the resulting arrays of bits form pictures and moving scenes. Sound too is
digitized into samples, each sample represented by bits that record the amplitude of the waveform at a
moment in time.

What distinguishes one type of information from another is not the bits themselves but the inter-
pretation. A given pattern of Os and 1s could be a number, a letter, a pixel color, or an instruction for
the processor, depending on the context. Understanding that all data reduces to bits helps explain why
computers can store, process, and transmit such a diverse range of content with the same underlying

hardware.

Exercise

1) What are the maximum and minimum values that a 16-bit signed integer can represent?

2) How can you quickly determine if an integer is a power of 2, for example, by using arithmetic and

logical operations?

3) Which decimal numbers cannot be represented exactly in binary floating-point format? Give an

example and explain why.

4) Which integers cannot be represented exactly in IEEE 754 single-precision (£32) format?
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